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Stochastic Gradient algorithm
General Problem:

min F(x)

with F convex over X', Euclidean space.
If F differentiable, Gradient algorithm:

Xn+1 = Xn — YV F(xp)

In ML, VF often intractable. Stochastic Gradient algorithm:

Xp+1 = Xn — 'anxf(xna £n+1)

with (&,) iid, and
Ee(f(x,&1)) = F(x).
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Proximal Gradient algorithm

General Problem:
min F(x) + R(x)

xeX

with F, R convex over X', Euclidean space.

If F differentiable, Proximal Gradient algorithm:

Xn+1 = PTOXWR(XH —YVF(xn))

where the proximity operator

1 2
— in —[|x — R(y).
prox, g(x) arg;@;}szX ylI* + R(y)

4/46



Stochastic Proximal Gradient algorithm

In ML, Prox,p often intractable.
Stochastic Proximal Gradient algorithm:
[Atchadé et al.'16],[BH'16]

Xn+1 = pI“OX,W(,’an)(Xn = YnVxf(Xn; €nt1))

with
> (&) iid
> ¥ >0,7, 10
> E(f(x,&)) = F(x)
> E(r(x, 1)) = R(x).

Theorem [BH'16] : Under mild assumptions, X, — n—s 400 X«
where x, € argminy F + R a.s.
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Problem Statement

Consider

» An undirected graph G = (V, E)
» A vector of parameters over the nodes x € RY

» The Total Variation (TV) regularization over G
TV(x,6)= Y Ix(i) = x()l-
{ij}eE
Our problem:

min F(x) 4+ TV(x, G) (1)

xERY

with F : RY — R convex, differentiable.
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Example: Trend Filtering on Graphs [Wang et al.'16]

Figure 1: min,cgv 3[x — y[|> + TV(x, G)
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Problem Statement
Proximal Gradient algorithm
Xn+1 = prOX'yTV(.,G)(Xn —YVF(xn))

The computation of proxyy( ¢)(y) is
» Fast when the graph G is a path graph : Taut String

algorithm [Condat'13],[Johnson’'13],[Barbero and Sra'14].

® ©
O]

» Difficult over general large graphs
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Sampling Random Walks

Let L > 1.
Let £ is a stationary simple random walk over G with length L 4 1

E(TV(x,£)) = |f|TV(X, G).

Our problem is equivalent to

min LF(x)+ |E|E(TV(x,§)).

xeRY

Stochastic Proximal Gradient algorithm:

{ Sample the Stationary Random Walk £,41 with length L +1
Xpi1 = PTOX%\E\TV(-,g,,H)(Xn — YLV F(x,))

> (&) iid
> n >0, vn L O.
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Example : The Graph G
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Example : Sampling the Random Walk &,.4
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Example : Sampling the Random Walk &,.4
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Example : Sampling the Random Walk &,.4
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Example : Sampling the Random Walk &,.4

17/46



Example : Stochastic Proximal Gradient step

TV(x, &nt1) = [x(3)=x(1)[+[x(1) =x(0)[+]x(0) =x(6) |+ |x(6) —x(7)]

Xn+1 = PTOXy, | E[TV(-pe1) (Xn — VLV F(xn))
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Example : Sampling the Random Walk &,
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Example : Sampling the Random Walk &,

20/46



Example : Sampling the Random Walk &,
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Example : Sampling the Random Walk &,
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Example : Loop
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Example : Stochastic Proximal Gradient step

TV(x, Env2) = [x(8)=x(6)|+[x(6)—x(0)[+]x(0) —x(2) |+ [x(2) —x(6)]

Xn42 = PIOXy 1 EITV(-ns2) (Xnt1 — Vot 1LV F(Xnt1))

Problem : £, is not a path graph
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Snake algorithm

Let £ is a stationary simple random walk over G with length L+ 1

E(TV(x,£)) = 'f‘TV(X, G).

Our problem is equivalent to

min LF(x)+ |E|E(TV(x,§)).

xeRY

Snake algorithm:
While unhappy

{ Sample the Stationary Random Walk £,41 until Loop
Xn+1 = prOX»y,,|E|TV(.75,,+1)(Xn — YL (€n+1)VF(xn))
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Example : Snake
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Example : Snake

TV(x, &n1) = [x(3) = x(2)] + [x(2) — x(6)|
+[x(6) = x(7)] + [x(7) = x(5)] + |x(5) — x(0)]
Xnr1 = prox%|E|TV(.7§n+1)(Xn = YnL(€n+1)VF(xn))
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Example : Snake

TV(x, &ny2) = [x(0) = x(7)[ + x(7) — x(6)] + [x(6) — x(9)]

Xn+2 = PIOXy BTV (- ne0) Xnt1 — Vnt1L(En12) VF (Xn41))
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Example : Snake
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Example : Snake
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Convergence of Snake algorithm

Snake algorithm:
While unhappy

{ Sample the Stationary Random Walk &1 until Loop
Xn+1 = PTOXy | E[TV(-60.1) (Xn — VnL(Ent1) VF (Xn))

Theorem [SBH'17] : Under mild assumptions, X, —n—s400 X«
where x, € arg min,crv F(x) + TV(x) as.

Proof:
> E(TV(x,€)) = FTV(x,6)
» A Generalized Stochastic Proximal Gradient Algorithm
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lllustration: Online Regularization
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Figure 2: Snake: Trend Filtering over Facebook Graph Leskovec et al."16
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Structured Regularizations over Graphs

Generalization

min F(x)+ Y ¢ij(x(), x(j))

€RV
x {ij}e€E

with ¢;; symmetric convex.

Example
> Weighted TV regularization

> Laplacian regularization :
Yo dx(@D)x() = Y (x() = x()?
{ij}eE {ij}eE

Taut String « DCT, IDCT

» Weighted/Normalized Laplacian regularization
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