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1 Introduction
The stochastic gradient algorithm aims to minimize a cost function that can be

written as an expectation x 7→ E(f(ξ, x)), where ξ is a random variable and f(ξ, . ) :
RN → R is a convex differentiable function. It can be used in the context where
the expectation cannot be computed, but is revealed across time by the observation
of i.i.d copies (ξn) of ξ. The stochastic gradient algorithm is written xn+1 = xn −
γn∇f(ξn+1, xn) where (γn) is a positive sequence of step-size. In the context of online
machine learning, we often suppose that the step size is constant, i.e γn ≡ γ. In this
case the process (xn) generally doesn’t almost surely converge as n → ∞, but stay
close with high probability to the set of minimizers (assumed to be not empty) in a
double asymptotic regime : n→ +∞ and γ → 0 (see [4]).

The aim of this work is to analyze a generalization of the latter algorithm : the
stochastic proximal gradient algorithm. In the deterministic case, this algorithm boils
down to the standard proximal gradient algorithm, widely used in machine learning.
Let F : RN → R be a differentiable convex function and G : RN → (−∞,+∞] be a
proper, convex, lower semi-continuous (lsc) function (notation : G ∈ Γ0). Assume that
F + G has a minimizer, i.e that the set Z(∇F + ∂G) of zeroes of ∇F + ∂G is not
empty. The proximal gradient algorithm is written

xn+1 = proxγG(xn − γ∇F (xn)) (1)

where proxγG is the proximity operator of G and γ > 0 a step. If ∇F is Lipschitz
continuous and if γ is enough small, then this algorithm converges to Z(∇F + ∂G).

In the next section, we present the general problem and the constant step size sto-
chastic proximal gradient algorithm that both generalizes the stochastic gradient algo-
rithm and the proximal gradient algorithm.

2 The constant step proximal gradient algorithm
Consider two functions F and H that can be written as expectations F (x) =

E(f(ξ, x)), H(x) = E(h(ξ, x)) where ξ is a random variable with distribution ρ over
some measurable space Σ, f(ξ, . ) : RN → R is a convex differentiable function and
h(ξ, . ) ∈ Γ0. Finally, consider m ∈ N∗ and {C1, . . . , Cm} a family of closed convex
sets of RN . Assume that the intersection

⋂m
i=1 ri(Ci) of relative interiors of Ci is not

empty.
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Our aim is to solve

min
x∈C

F (x) +H(x), C :=
m⋂
i=1

Ci (2)

where we assume that the set of minimizers is not empty.
To solve this problem, we implement a stochastic version of the proximal gradient

algorithm. Let (un) an i.i.d sequence with distribution ρ over Σ and (In) an i.i.d se-
quence with distribution α over the set {0, 1, . . . ,m}. We assume that α(k) = P(I1 =
k) > 0 for all k and (In) is independant of (un). In order to solve (2), the iterations
write

xn+1 =


proxα(0)−1γh(un+1,·)(xn − γ∇f(un+1, xn))

if In+1 = 0,
ΠCIn+1

(xn − γ∇f(un+1, xn)) else,
(3)

where γ > 0 is a step size and ΠCi is the projection onto Ci.
This algorithm is of interest if the functions F (resp. H) is not available, or hard

to compute, or the computation of its gradient (resp. its proximity operator) is compu-
tationally demanding. In these context, we replace the knowledge of the functions F
and G by noisy versions f(un, ·) and h(un, ·). Moreover, if the number m is high, the
projection onto C can be demanding whereas the projection onto the sets Ci is often
easier. It is then useful to replace the projection onto C by projections onto Ci. This al-
gorithm generalizes the stochastic proximal gradient algorithm studied in [1] where the
proximity step is deterministic. A lot of applications can be found in [1]. Applications
of a slightly modified version of (3) can be found in [5] to solve learning problems over
graphs.

The problem (2) is equivalent to the problem of finding an element in Z(∇F+∂G)
where G(x) :=

∑m
k=1 ιCk(x) +H(x) and where ιS is the indicator function of the set

S in the sense of optimization theory. Since the algorithm (3) is a constant step size
algorithm, it is not expected to converge to Z(∇F + ∂G), but when n → +∞ and
γ → 0, we shall see that the iterates xn stay close to Z(∇F + ∂G).

Theorem 1. [2] Assume that F (x) + G(x) −→‖x‖→+∞ +∞ and that there exists
c > 0 such that for all x ∈ RN ,∫

〈∇f(s, x)−∇f(s, x?), x− x?〉 ρ(ds) ≥ c
∫
‖f(s, x)− f(s, x?)‖2 ρ(ds). (4)

Then, under mild additional assumptions, for all r.v x0 such that E[x20] <∞,

lim sup
n→∞

1

n+ 1

n∑
k=0

P [d(xk, Z(∇F + ∂G)) > ε] −−−→
γ→0

0 .

Using Baillon-Haddad theorem, the assumption (4) can be seen as a generalization
of the standard assumption of uniform Lipschitz continuity of∇f(ξ, ·).

3 Approach and general results
Our approach to prove this theorem is first to study the dynamical behavior of the

iterates. Namely, we adapt the O.D.E method, well known in the literature of stochas-
tic approximation ([4]). Consider xγ the continuous time process obtained by linearly
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interpolating with time interval γ the iterates of the stochastic proximal gradient algo-
rithm with step γ. We show that xγ weakly converges to x as γ → 0 over R+, where x
is the unique solution to the Differential Inclusion (see [3])ß

ẋ(t) ∈ −(∇F + ∂G)(x(t))
x(0) = x0 ∈ D

The latter Differential Inclusion induces a map Φ : D × R+ → D, (x0, t) 7→ x(t)
that can be extended to a semi-flow over D, still denoted by Φ.

The weak convergence is not enough to study the long term behavior of the iterates
(xn) : a stability result is needed. We then look at (xn) as a Feller Markov chain
with transition kernel Πγ . The assumptions of the Theorem 1 ensures that the set Iγ
of invariant measures of the Markov kernel Πγ is not empty and that the set Inv =
∪γ∈(0,γ0]Iγ is tight for all γ0 > 0. Combined with the "dynamical behavior result" (the
weak convergence of xγ to x), this shows that all cluster point of Inv as γ → 0 is an
invariant measure for the semi-flow Φ. The conclusion of theorem 1, and other results,
follow at once from this fact.

4 Generalization to random monotone operators
The stochastic proximal gradient algorithm aims to find an element in Z(∇F +

∂G). The functions ∇F and ∂G are particular cases of functions called maximal mo-
notone operators. A maximal monotone operator is a multivalued function RN → 2R

N

that generalizes the subdifferential of a function in Γ0. A general problem in optimiza-
tion and more generally in applied mathematics is to find the set Z(A + B) = {x ∈
RN , such that 0 ∈ (A+ B)(x)} of zeroes of the sum of two maximal monotone ope-
rators. This can be done iteratively by applying a generalized version of the proximal
gradient algorithm called the forward backward algorithm. In the case where the mo-
notone operators are revealed through realizations of i.i.d random monotone operators,
a stochastic version of the forward backward algorithm that generalizes the stochas-
tic proximal gradient algorithm can be implemented. Our study applies to the case of
random maximal monotone operators, and we obtain similar results as in the previous
section, by replacing Z(∇F + ∂G) by Z(A+B) (see [2]).
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