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Notations

For every set T, we denote by R” the set of functions on ' — R. If X is a Euclidean space, we
denote by (., .) the standard inner product on X, and by ||. || the Euclidean norm.
We denote by T'o(X) the set of convex, proper and lower semicontinuous functions on X —
(=00, +00]. For every h € Tg(X), v > 0, we introduce the proximity operator
2
prox, ,(r) = arg Irunelg} h(w) + ”wQ,ym”
and the Moreau envelope
, w — 2|
h = h —
+(z) = min h(w) + >
for every z € X. We denote by 0h(z) the subdifferential of h at the point x, by dho(z) the least
norm element of Oh(x). Recall that h, is differentiable and Vh,(z) = %(:E — prox,, (7)) If A is
a set, the notation 14 stands for the indicator function of the set A, equal to zero on that set and
to +oo elsewhere. If R is a linear operator, we denote by R* the adjoint operator. When D C F,
d(x, D) denote the distance from the point € E to D and if D is closed and convex, I, denote
the projection onto D. The set of minimizers of h is the set of zeros of 9h denoted Z(0h).

1 Statement of the Problem

1.1 Douglas-Rachford algorithm

Consider the Problem
rréi)rfl F(z) + G(x) (1)

where F,G € I'y(X). The Douglas-Rachford algorithm writes

Up 41 = Prox., p(zn)
Zni1l = prox%G(QunH — )
Tpyl = Tp + Zn+4+1 — Un41 -
Under the standard qualification condition 0 € ri(dom(F) — dom(G)) and assuming that the set

of minimizers of problem (1) is non empty, the iterates prox. p(z,) converge to a minimizer of
problem (1) as n — oo.
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1.2 Adaptive Scenario

Let £ be a random variable defined on some probability space (€2, 7, P) into an arbitrary measurable
space (Z,G) with distribution p. We say that a mapping f : X X & — (—o00,400] is a normal
convex integrand if f(.,s) € To(X) for every s € Z and if f(x, .) is measurable for every z € X.
The expectation E(|f(z,£)|) according to the random variable £ is supposed to be finite.

From now on, assume that the mapping F' and G are of the form

F(z) = E(f(,€))
G(x) = E(g(,9)) ,

where f,g are normal convex integrands. Denote by (£, : n € N) a sequence of iid copies of
the r.v. £ In the sequel, we use the notation f, := f(.,&,) and g, = ¢(.,&,). The adaptive
Douglas-Rachford algorithm is given by

Upt1 = Prox, r . (zn)
Zn1 = Prox, o (2Uny1 — Tn)

Tpn+1 = T + Zn+1 — Unp+1 -

We denote by D(s) the domain of g(-, s), and by D the set defined by the relation z € D <~
z € D(€) a.s. We denote by d(z) = d(z, D). We also denote F(z) = [ f,(z, s)u(ds) and G (z) =
[ g(x, s)u(ds). We assume that f(-,€) has a.s a full domain (equal to X) and is continuously dif-
ferentiable. Under these assumptions, Z(0(G+ F)) = Z(0G+VF) = Z(E(dg(-,£)) +E(Vf(-,£)))
33].

1.3 Useful facts

We first observe that the process (z,,) described by Eq. (??) is a homogeneous Markov chain with
transition kernel denoted by P,. The kernel P, and the initial measure v determine completely the
probability distribution of the process (z,,), seen as a (Q,.#) — (EN, Z(E)®N) random variable.
We shall denote this probability distribution on (EN, Z(E)®Y) as P¥?. We denote by E*7 the
corresponding expectation. When v = §, for some a € E, we shall prefer the notations P*? and
E®Y to P%Y and E%7. From nom on, (z,) will denote the canonical process on the canonical
space (EN, B(E)®N).

We denote as .%,, the sub-o-field of .# generated by the family {zo,{{] : 1 <k < n}}, and we
write E,[-] = E[- | #,] for n € N.

In the remainder of the paper, C will always denote a positive constant that does not depend
on the time n nor on . This constant may change from a line of calculation to another. In all our
derivations, v will lie in the interval (0,7g] where 7q is a fixed constant which is chosen as small
as needed.

Then, we observe that the Markov kernels P, are Feller, i.e., they take the set Cy(E) of the real,
continuous, and bounded functions on E to Cy(E). Indeed, for each f € Cy(E), Eq. (??) shows
that P, (-, f) € Cy(E) by the continuity of prox, . ) and B(s, ), and by dominated convergence.

For each v > 0, we denote as

I(Py) ={re M(E) : m=nP,}
the set of invariant probability measures of P,. Define the family of kernels P := {P,},¢

and let
P = |J (P
~7€(0,70)

0,70]>

be the set of distributions 7 such that = = 7P, for at least one P, with v € (0, o).



Finally, it is a standard fact of the monotone operator theory that for any zy in the domain of
F + G, the Differential Inclusion (DI)

{ x(t) € —(OF +0G)(x(t))

Zo

(2)

admits a unique absolutely continuous solution on Ry := [0, 00).

Consider the map @ : dom(G) x Ry — dom(G), (xo,t) — x(t) where x(¢) is the DI solution
with initial value zg. Then, @ satisfies || ®(z,t) — ®(y,t)|| < ||z — y| for all ¢ > 0 and all z,y €
dom(A). Since FE is complete, ® can be extended to a map from cl(dom(G)) x R to cl(dom(G)).
This extension that we still denote as ® is a semiflow on cl(dom(G)) x Ry, being a continuous
cl(dom(G)) x Ry — cl(dom(G)) function satisfying ®(-,0) = I, and ®(x,t + s) = ®(P(x, s),t) for
each z € cl(dom(G)), and t,s > 0.

2 Theorem

H1 There exists ¥, € Z(0G + VF) admitting a £2(u) representation (¢,v) i.e Jp,9 € L2 (),
such that 9(€) € Og(rs, €) a5, $(€) = Vf(z,, ) s and E(p(€) + $(£)) = 0.

H2 There exists L > 0 s.t. Vf(,€) is a.s L-Lipschitz continuous.
H3 The function F' + G satisfies one of the following properties:
(a) F+ G is coercive.
(b) F + G is supercoercive.
H4 For every compact set L C E, there exists € > 0 such that

supD/ ||8go(;zc,t<5)\|1+‘E wu(ds) < oo,

zekN

H5 There exists a closed ball in E such that |V f(z,s)|] < M(s) for all z in this ball, where
M (s) is p-integrable. Moreover, for every compact set K C F, there exists ¢ > 0 such that

sup / IV 5 (2, )7+ u(ds) < oo

zek

H6 For all v € (0,7] and all x € E,

J (195Gl + 2 pr0x,,00) = oo @)1 wlas) < €1+ (@) +67 (@)

HT Va € B, / d(z, D(s))? pu(ds) > Ce(x)?.

HS8 For every compact set L C E, there exists € > 0 such that

1
sup — / | prox, . ¢ (x) — l'Id(D(S))(nc)||1"“E u(ds) < oo.
¥€(0,y0],m€KX T

Theorem 2.1. Let Hypotheses H1-HS8 hold true. Then, for each probability measure v having a
finite second moment, for any € > 0,

n

E P¥7 (d(xy, argmin(F + G)) > ¢) = 0.
5
k=0

lim sup
n—oo TN 1



Moreover, if Hypothesis H3—(b) is satisfied, then

limsup P (d (Zn,argmin(F + G)) > ¢) — 0, and
=

n—oo

limsup d(E""(Z,),argmin(F + G)) —— 0.

n—oo =0

where Z,, = %Zzzl Tk

3 Proof of Theorem 2.1

In this section, we study the iterations given by the adaptive Douglas Rachford algorithm. Let
Y >0, a € E and (§,)nen be an i.i.d sequence of random variables from (Q, F,P) to (E,G) with
distribution p. The adaptive Douglas Rachford algorithm with step size v > 0 writes 2o = a and
for all n € N,

Tpt1 = Ty — "va'y(xna §n+1) - ’YVg'y(zn - 27Vf'y(xna €n+1)7€n+1)' (3)

Define
hy(z,s) ===V f,(z,s) — Vgy(x — 29V fy(x, ), 5).

The algorithm (3) can be rewritten as

Tpt1 = Tn + Yhy(Tn, Ent1)- (4)

In Sec. 3.1, we show that the linearly interpolated process constructed from the sequence ()
with time frame ~ converges narrowly as v — 0 to a Differential Inclusion (DI) solution in the
topology of uniform convergence on compact sets. The main result of this section is Th. 3.1, which
has its own interest. To prove this theorem, we establish the tightness of the linearly interpolated
process (Lem. 3.2), then we show that the limit points coincide with the DI solution (Lem. 3.3-
3.5). In Sec. 3.2, we start by establishing the inequality (17), which implies the tightness of the
set of invariant measures Z(P) in Lem 3.7. Then, we show that the cluster points of Z(P) are
invariant measures for the flow induced by the DI (Lem 3.9). In the different domains case, this
lemma requires that the invariant measures of P, put most of their weights in a thickening of the
domain D of order . This fact is established by Lem. 3.8.

3.1 Weak APT

For every v > 0, we introduce the linearly interpolated process

Xy 1 (B, B(E)®Y) = (C(Ry, E), B(C(R+, E)))
, defined for every x = (z,, : n € N) in EN as

Xy(@) st @pe)+ @)y = [t/ D)(@ )20 — 22 )

This map will be referred to as the linearly interpolated process. When z = (x,,) is the process
with the probability measure P**7 defined above, the distribution of the r.v. X, is P*7X> L

The set C(Ry4, F) of continuous functions from Ry to F is equipped with the topology of
uniform convergence on the compact intervals, who is known to be compatible with the distance

d defined as
d(x,y) = »_ 27" <1 A Sup] [x(t) — Y(t)||> :

neN tel0,n

If S is a subset of E and € > 0, we denote by S, := {a € E : d(a,S) < €} the e-neighborhood
of S. The aim of the beginning section is to establish the following result:



Theorem 3.1. Let Assumptions H4, H5, H7 and HS8 hold true. Then, for every n > 0, for every
compact set K C E s.t. KND # ),
VM >0, sup P (d(Xy, B(Macp)(a), ) > n) — 0. (5)
ackKND y—0
Choose a compact set K C E s.t. K Necl(D) # 0. Choose R > 0 s.t. K is contained in the ball
of radius R. For every z = (z,, : n € N) in EV, define 7g(z) := inf{n € N : 7, > R} and introduce
the measurable mapping Cr : EN — EN, given by

Cr(z) :n e nlpcrp(a) + Trp@) Lnzrp() -

Consider the image measure P*7 := ]P’“’VC’gl, which corresponds to the law of the truncated
process Cr(z) and denote by E*7 the corresponding mathematical expectation. The crux of the
proof consists in showing that for every n > 0 and every M > 0,
BB (d0G, @Mlacpy(a). ) > m) “=5 0 ®)

Eq. (6) is the counterpart of [13, Lemma 4.3]. Once it has been proven, the conclusion follows
verbatim from [13, Section 4, End of the proof]. Our aim is thus to establish Eq. (6). The proof
follows the same steps as the proof of [13, Lemma 4.3] up to some confined changes. Here, the
steps of the proof which do not need any modification are recalled rather briefly (we refer the
reader to [13] for the details). On the other hand, the parts which require an adaptation are
explicitly stated as lemmas, whose detailed proofs are provided at the end of this section.

Define hy r(,s) := hy(z,5)1),<r- First, we recall the following decomposition, established
in [13]:

X’Y :H0+G7,Rox’y+x’yOM’y,R7

P almost surely, where Iy : ENY — C(R4, E), Gy g : C(R4,E) — C(R4,E) and A, g : EN —
EN are the mappings respectively defined by

Ho({E) 1t =

Man(e) s on = 20) =7 3 [ o s, 1))
k=0

Gyn(x) £ / [ et x L ) uds)a

for every x = (z,, : n € N) and every x € C(R4, E) .

Lemma 3.2. For all v € (0,7] and all z € EY, define Z) ,(z) := v~ *(2p41 — x). There exists
€ > 0 such that:

B d T, 1+4-¢
sup E“ﬂ((|zz||+ ) 0, )<+oo @

neN,a€XND nr,vE€(0,70]

Proof. Let € be the smallest of the three constants (also named ¢) in Assumptions H4, H5 and H8
respectively where L = Bg. For every a, v, the following holds for P*7-almost all x = (z,, : n € N):
d(Zn1) Lz, i<k = A@nt1) e, | <R L)<k T Lje>R) = A@nt1) Lo, 0 <BLje)<r

< d(xn—&-l)]]-HﬁnHSR
= |[Zn+1 — Op(Tns )| Lz, <R
< |#ns1 — Hp(@n) | L)z, <R -

Using the notation E¢Y = E*7(. |z, ...,2,), we thus obtain:

E5 (d(@ne1) Lo, <r) < / | + Yho (20, 8) = Tp (@) | L, < r dpas) -



By the convexity of || - ||}, for all a € (0, 1),

o 1+e¢ -~ _
e = “y| < a4+ (1 )y

o + ) o+ (1— )

alJrE

Therefore, by setting 6, (z, s) := ||z + vh, (2, 8) — pes (@),

E&Y(d(2p41) T L gy <) < /5 (T 8) L0 1 <r di(s)
F(1-a) / ML) (@) — T ()14 L, i dia(s)
Note that for every s € =, x € E,

6y(x,5) = prox, (. o (@ =200V f5(z,5)) + YV 5 (2,5) = p(s) () + prox, (. o (x) — prox, (. 5 (x)

Hence,
165 (2, )| < 37V fy (2, 8)[| + [ prox. g ) (x) = pes) ()|
And, by Assumptions H4 and H5, there exists a deterministic constant C' > 0 s.t.

sup/d (Tn, s ]]'HInH<Rd'[L( 5) < Cyte,

Moreover, since Il(p(s)) is a firmly non expansive operator [6, Chap. 4], it holds that for all
u € cl(D), and for p-almost all s,

IMa(p(s)) (@n) = ull® < llan — ull® = | Hapsy) (@n) — 2.

Taking u = I¢ypy(2n), We obtain that

HHCI s))(xn) - HCI(D) ("I"n)HQ < d(.’En)2 - d(l‘n, D(S))2 (8)
Making use of Assumption H7, and assuming without loss of generality that ¢ < 1, we obtain

) (14¢)/2
/||Hc1(D(s))(33n)— ei(p) ()| dp(s /lch1 D(s) (Tn) — ayp) ()| d#(S))

< o'd(z,)te

b

for some o' € [0,1). Choosing « close enough to zero, we obtain that there exists p € [0,1) such
that

1+e

_ d(zpq)tTe d(z,,
B (wﬂuznﬂnsz%) < p(y)]lmn@ +C.

,}/1+€

Taking the expectation at both sides, iterating, and using the fact that d(z¢) = d(a) < M~, we
obtain that -
_ d(x, ¢
sup ey <(()) ]]'|$n||SR) < +400. (9)
neN,a€KXND4ar,7€(0,70] v

Since Vg, (-, s) is v~ !-Lipschitz continuous, ||h(z,s)| < Vg, (z,s)|| + 3|V fy(z, s)|. Moreover,
choosing measurably & € D in such a way that ||z — Z|| < 2d(z), we obtain [|Vg,(z,s)|| <
|10g0(Z, s)|| + 2@. Therefore, there exists R’ depending only on R and D s.t.

- d(z
196 )< < 1000(@ ) Mysere + 291



In the following, C' is a positive constant that can change from a line to another. Choosing € > 0
enough small and using Assumption H4, H5 and Eq. (9), we have

En (127119 :/Hh'y(xm5)”1+61Hxn||§Rdﬂ(5)
S/(IIV%(%,S)H + 301V 5 (@, ) Ly, < dials)
§C/||V9'y(xna5)||1+€]1H:cn|\SRJF||vf'y(xmS)HHe]lnxnnngﬂ(s)

<c / 1090 (G, )11 3, < dpa(s) + C / 195, (@ 1 o < dis)

d T, 1+¢
+C(7> Lo, <R

d T, 1+4¢
§c+c(7) Ljan i<k - (10)

Taking expectations, the bound (7) is established.
O

Using [13, Lemma 4.2], the uniform integrability condition (7) implies' that {IF’“’VX;I ta €
KN Dy, € (0,7)]} is tight, and for any T' > 0,
v—0

sup ]f”“’”(”Xv o My rllco,r >¢€) — 0, (11)
aeKﬂDA,M

where the notation ||x||«,z stands for the uniform norm of x on [0, T].

Lemma 3.3. For an arbitrary sequence (ay, v, ) such that a, € XND,, »r and v,, — 0, there exists
a subsequence (still denoted as (ay,,)) such that (a,,y,) — (a*,0) for some a* € X Ncl(D), and
there exists r.v. z and (x, : n € N) defined on some probability space (', #', ') into C(Ry, E)
s.t. x, has the distribution I@“"W"X;nl and x,, (w) = z(w) for all w € '. Moreover, defining

Un(t) := Xn(Vn[t/7n])

the sequence (an,7,) and (x,) can be chosen in such a way that the following holds P'-a.e.

T 1+5
sup/ <d(’lf;l(t))]l|un(t)|<3) dt < 400 (VT > O), (12)
n 0 n

where € > 0 is the constant introduced in Lem. 3.2.

Proof. The first point can be obtained by straightforward application of Prokhorov and Sko-
rokhod’s theorems. However, to verify the second point, we need to construct the sequences more
carefully. Choose € > 0 as in Lem. 3.2. We define the process Y7 : EN — RN s.t. for every n € N,

d(xk)1+s/2

n—1
Y (z) := Z —— 5 Ljakli<r
P

and we denote by (X,Y7) : EN — (E x R)Y the process given by (X,Y7),(z) := (z,,Y,)(x)). We
define for every n, Z, =771 ((X,Y")p41 — (X,Y7),). By Lem. 3.2, it is easily seen that

_ ~ A—+oo
a,y T -
sup E (||ZnH]1|\zg||>A> —0.
n€N,a€KXND~ar,7€(0,70]

!Lemma 4.2 of [13] was actually shown with condition [a € K] instead of [a € K N D], but the proof can be
easily adapted to the latter case.



We now apply [13, Lemma 4.2], only replacing E by E x R and P*Y by P*7(X,Y")"!. By
this lemma, the family {P%7(X, Y’Y)_liﬂjl ca € KNDyy,vy € (0,7]} is tight, where Y;l
(E x RN — C(R4,E x R) is the piecewise linear interpolated process, defined in the same
way as X, only substituting £/ x R with £ in the definition. By Prokhorov’s theorem, one can
choose the subsequence (a,,, ¥y ) s.t. P47 (X, YV")*X;: converges narrowly to some probability
measure T on F x R. By Skorokhod’s theorem, we can define a stochastic process ((xn,yn) :
n € N) on some probability space (', .#',P') into C(R4, E x R), whose distribution for a fixed
n coincides with P (X, Y7) =X 1, and s.t. for every w € , (x,(w),yn(w)) = (z(w), w(w)),
where (z,w) is a r.v. defined on the same space. In particular, the first marginal distribution of
Panm (X, YV“)_IX;”I coincides with P X 1. Thus, the first point is proven.
For every « € (0,7], introduce the mapping

P’y : C(R+,E) — C(R+,R)

x = (t'—>/0 (W_ld(X(WLU/WJ)))1+E/21||xmu/m|§RdU> :

We denote by X L.RN & C(R4,R) the piecewise linear interpolated process, defined in the
same way as X, only substituting R with ' in the definition. It is straightforward to show that
X, oY =T, 0X,. For every n, by definition of the couple (x,,ys), the distribution under P’ of
the r.v. 'y, (xn) —yn is equal to the distribution of I'y, 0 X, —X, oY under Pan:7n . Therefore,
P'-a.e. and for every n, y, =I5, (x,). This implies that, P'-a.e., ', (x,) converges (uniformly on
compact set) to w. On that event, this implies that for every T' > 0, Iy, (x,)(T") — w(T), which
is finite. Hence, sup,, Iy, (x,)(T") < oo on that event, which proves the second point.

O

Define
vn(s,t) = —Vf,y (un( ) )]]-||u7,(t)\|<R
and
wn(s,t) == =Vgy, (un(t) = 29V f5, (un(t),5), ) Lju, <R -
Thanks to the convergence (11), the following holds P'-a.e.:

z(t) = z(0) + nl;rrgo/ / (s,u) + wp(s,u) p(ds) du (Wt >0). (13)
We now select an w € ' s.t. the events (12) and (13) are all realized, and omit the dependence
in w in the sequel. Otherwise stated, u,, v, and w, are handled from now on as deterministic
functions, and no longer as random variables. The aim of the next lemmas is to analyze the
integrand vy, (s, u) +wy (s, u). Consider some T > 0 and let Ay represent the Lebesgue measure on
the interval [0, 7. To simplify notations, we set L3, := L1*(Ex [0, T],9® B([0,T)), p® Ar; E).

Lemma 3.4. The sequences (v, : n € N), (w,, : n € N) form bounded subsets of L’};E/z.

Proof. By the same derivations as those leading to Eq. (10), there exists C' > 0 such that

d’U/T t 14€/2
/ (Ilon (s, I/ + ffwa (s, ) +5/2) du(s) < C + C (;ffgmﬂm,”(tn«z-

The proof is concluded by applying Lem. 3.3.
O

The sequence of mappings ((s,t) — (vn(s,t), wn(s,t))) is bounded in L;;E/Q and therefore
admits a weak cluster point in that space. We denote by (v,w) such a cluster point, where
v:2x[0,7T] = Eand w: Ex [0,T] = E. Let Hr(x,s) := Vf(z,s)+ dg(z, s)) if ||z|| < R, {0} if
lal]] > R, and Hg(z,s) := E otherwise.

Denote the corresponding selection integral as Hg(a) = [ Hg(s, a) u(ds).

vérifier

a définir
plus haut



Lemma 3.5. For every (s,t) u® Ap-a.e., (z(t), (v + w)(s,t)) € gr(Hg(s, .)).

Proof. To simplify notations, we now omit the dependence in (s,t) in the sequel and write u,, :=
un(t)v Up = ’Un(S,t), Wp = wn(57t)a h’)’ = h”y('as)a 89 = 89(,5), vf = Vf(',S), Y = Tn,
PIOX. ¢ = ProX, (. o), V.fy := Vf,(:;8), z:= 2z(t). Moreover, we write prox. (z) := prox, . ,)(z —

29V fy(x,s)) and %g.y = Vg, (x — 29V fy(z,s),s), for all x € E.
There exists a subsequence of (v,,) that is decreasing and such that d,, := sup,¢jo 77 [[un(t) —
z(t)|| is decreasing to zero. We still denote by (7,) such a subsequence. The sequence

((Wns wn, [onll; [[wnl]))n

LN . alde)/2
converges weakly to (v,w,v,w) in L Eti/Rg along some subsequence (n.b.: compactness and se-

quential compactness are the same notions in the weak topology of E};Xsﬂéz). We still denote by
((vn, Wi, [|Onls Jwnl]))s this subsequence. By Mazur’s theorem, there exists a function J : N — N

and a sequence of sets of weights {agn, :neNk=n...,J(n) : ag, >0, ZZ(:"R) an = 1} such
that the sequence of functions

J(n)

(s Wny By @) = (5,8) = Y (ks 8), wi(s, ), Jor (s, )], wn (s, )]])
k=n

converges strongly to (v, w,?,w) in that space, as n — oo. Taking a further subsequence (which
we still denote by (¥, @p, 0n,W,)) we obtain the p ® Ap-almost everywhere convergence of
(Un, Wy, Oy Wy) to (0, w,0,w). Consider a negligible set A4 € ¥ ® %([0,T]) such that for all
(s,t) & N, (U, Wy, U, Wp,) — (v,w, 0, w) and U, W are finite.

If ||2(t)|| > R, obviously (z(t), (v + w)(s,t)) € gr(Hg(-,s)). We just need to consider the case
where ||z(t)|] < R. Besides, the condition (z(t), (v + w)(s,t)) € gr(Hg(:, s)) is equivalent to:

(Z(t)v *(v + U))(S, t)) € gr(a(f(-, S) + g('a 5))) = gr(Vf(~, 8) + ag('a 5)) . (14)

To show Eq. (14), consider an arbitrary (p,q) € gr(Vf(-,s) + 9g(-,s)). There exists (¢¢,q,) € E?
such that ¢ = g5 + qq, (p,qr) € gr(Vf(-,s)) and (p, qy) € gr(9g(-, 5)).
Recall that —h., (z) = V£, (2)+Vg,(2—2vV f,(z)). We start by decomposing (z—p, —h(z)—q)
for any z € E. On the one hand,
(@ +vhy(x) = p, —hy(2) = @) = =7(hs (), 0) =Yy (@) + (2 = p, ~Dy(2) — q)

On the other hand,

(& — AV, (x) =V gy (x) — p, V1 (x) + Vg, () — (a5 + )
=(prox, ;(z) — 7Vg,(2) = p, Vf(x) — ¢5) + (P10x, (%) + 7V f5(z) = p, Vgy (z) — q5)
=(prox, ;(z) — p, V£, (x) — q) + (prox.,,(z) — p, Vgy(x) — q9)

— (Vs (), Vi (2) = a5) + ¥V (2), Vg (z) — q5)
=(prox, ;(z) — p, V£(x) — q) + (Prox,,,(z) — p, Vgy(z) — q4)

+7(Vgy (), a5) — ¥V F5 (), g)-

Using the monotonicity of V f and dg, we finally have

0 <(z —p,~hy(2) - q)
— Y (Vgy (@), q5) + YV f5 (@), a9) — (e (2), ). (15)



As ||z]| < R, it holds that [ju,| < R for every n large enough. Thus, —v, = Vf, (u,) and
—wp, = Vg, (Un — 27,V f5, (uy)). Using (15) with u,, instead of « and ~,, instead of +, we have

J(n)
0< Z g ((2 = p, —(vk +wk) — @) + (up — 2, — (v +wr) — q))
k=n

J(n)
+ Z WYk ((Wis qf) = (Uk, Gg) — (P (uk); 4)
k=n
J(n)
<z =p,—=(On +0n) — @) + D kndi (Jorll + will + llgl)
k=n
J(n)
+ > ki (lwellllarll + lvellllgell + llvellllgll + [lwxllllg])
k=n
§<Z - D _(@n + wn) - Q> +dy ('Dn + Wy, + ”(IH)
+ Y (D llgs |l + Onllggll + tnllgll + @nllgll) - (16)

Letting n — 400, since (v,) and (w,) are a.e bounded sequences in E, we conclude that (z —
p,—(v+w)—q) >0 ae As Vf+ 9g € ., this implies that (z, (v +w)) € Vf + 9g a.e.
O

By Lem. 3.5 and Fubini’s theorem, there is a Ap-negligible set s.t. for every ¢ outside this set,
v(.,t) is an integrable selection of Hg(.,z(t)). Moreover, as v is a weak cluster point of v,, in
£37/% it holds that

3

z(t) = z(0) + /0 / v(s,u) + w(s,u) p(ds) du, (Vt €[0,T]).

*

By the above equality, z is a solution to the DI x € Hp(x) with initial condition z(0) = a*.
Denoting by ®r(a*) the set of such solutions, this reads z € ®g(a*). As a* € K N cl(D), one
has z € Pg(K N cl(D)) where we use the notation ®Pr(S) := UscsPr(a) for every set S C E.
Extending the notation d(z,S) := infyes d(x,y), we obtain that d(x,, ®z(K Ncl(D))) — 0. Thus,
for every 1 > 0, we have shown that P (d(X,, , ®r(K Ncl(D))) >n) — 0 as n — co. We have
thus proven the following result:

Vn >0, lim sup P*(d(X,,Pr(KNcl(D))) >n)=0.

¥—0 aGICﬁDA,M

Let T > 0 and R > sup{||®(a,t)| : t € [0,T],a € KN cl(D)} (the latter quantity being finite,
see e.g. [15]). Consider any solution x to the DI x € Hr(x) with initial condition a € K N cl(D).
Consider the set F' = {t € [0,7T],x(¢t) = ®(a,t)}. Then, 0 € F. Let t = sup F and assume that
t < T. Since F is closed, t € F and we have ||x(#)|| < R, hence there exists ¢ > 0 such that
[Ix(®)|| < R for all t € [t,f + €]. Then, x and ®(a, -) are solutions to the DI x € H(x) over [{, + €]
and x(¢) = ®(a, t), therefore x(t) = ®(a, t) for all ¢t € [¢,+¢]. Hence, t+¢ € F. Finally, t = T and
F =10,T]. By the same arguments as in [13, Section 4 - End of the proof], Theorem 3.1 follows.

3.2 Stability

Theorem 3.6. Assume hypotheses H1 and H2. Let 2, € Z(0G + VF) that admits a £? repre-
sentation. Then, there exists o, C' > 0 such that

Ey st — 2al® < llzn — 2l® = ay(FY(24) + GY(2n)) + 7C. (17)

for v enough close to 0.
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Proof. To simplify notations, we now omit the dependence in (s,t) in the sequel and write u,, :=
un(t)7 Un = ’Un(S,t), Wn = wn(57t)a h’y = h”y('as)a 89 = ag('as)a vf = Vf(',S), Y= Tns
PIOX. ¢ = ProX, s(. o), V.fy := Vf,(:;5), 2 := 2z(t). Moreover, we write prox. (z) := prox, . ,)(z —

29V fy(x,s)) and %g.y = Vg, (x — 29V fy(z,s),s), for all z € E.
By assumption, there exists a £2 representation (¢,) of x,. We write

(Vi @), —2,) = (V@) — 2 —2,) + (2 — )
= (Vf,(2) — ¥, prox, s (z) — z.) + (V[ (2) — ¥, 7V [ (2))
+ (7 — )
= (Vfy(x) =, prox s (x) — z.) — ¥(v, Vs (x))
+ o,z — z) + IV L (@)
We also write
(Voy(a), 2 — 2,) = (Vgy(2) — g, — 2.) + (0,0 — 2,)
= (Vgy(2) — . prox, ,(z) — z.) + (Vg (x) — ¢,z — prox, ,(z) — 29V f, (z))
+ .z — ) + (Voo (2) — 0,29V f ()
= (Vgy (@) — ¢, prox, 4 (z) — 2.) — (¢, Vg, ()
+29(Vgy (2), VI (@) + (@2 — 22) + 7]V, (@) 12 — 2v(p, V£, (2)).
Hence,
(Vfy(2) + Vg, (z), 2 — z.)
=(Vgy(x) = 0, prox, o (x) — 2.) + (Vf () — 1, prox, (z) — z.)
+1Vgy (@) + VI @)2 = 7 {{p+9, VI (@) + (@, Vay (2) + V Iy (2) }
+{p+ 1,z — 2.) (18)
By expanding
|Zns1 = 21 = |20 — 2] + 2(@nt1 = Tn, T — ) + [Tnt1 — 2nll?,

we obtain

|21 = 2ol = o0 — 2l® = 29(Vgy (@), 0 — 22) = 20V fy (@0), 2 — 2)
+72Vgy (@) + Viy ()2 (19)
Using (18), we obtain
|2ns1 — 2] = [lon — 2]
— 27 {(Vgy(2n) = 0, DT0%, g () — 2.} + (V[ () — b, prox, p(wn) — 24) }
— 2 Vgy(@n) + Vi ()2 + 292 {{g + ¢, V£ (@) + (@, Vay (an) + VI (2a)) |
= 2v(p + Y, Ty — )
where we used |la + b = ||a||® + ||b]|* + 2(a, b). Then, since 2(a,b) < ||al|*/2 + 2]|b]|?,
|21 = 24 < [lon — 2.2 (20)
— 2y {(Vgy (@) — 0, BTO%, g () — @) + (V fy (20) — 9, prox s () — 2) }

—22/2|V gy (n) + V (@) |2 +~2/2V £ (@) |2
+29%lell® + 292l + YlI* — 29{(p + ¥, T — z).

11



Observe that the term between the braces at the right hand side of the last inequality is nonnegative
thanks to the monotonicity of Vf(-,s) and dg(-, s).
Let = € E. By the convexity of g, and f,, we have

gy(x =29V f1(2)) — gy(24) < <%ga,(x), =29V fy(2) — z) (21)
and
Jy(@) = fy (@) <(Vfy(2), 2 — z0). (22)
Using the 1/+-Lipschitz continuity of Vg, we have
v(7) = gy (2 = 29V f5(w)) < (Vg (), 29V £ (@) + 29[|V £ (). (23)

Summing the inequalities (21), (22) and (23) we obtain

Fr(@) = fo(@2) + 95(2) = gy (32) < (V5 (2) + Vs (@), 7 — ) + 29[|V £, ()| (24)

Using (18),

(@) = £(@2) + 9,(2) = g, (a)
< 2|V @)
+ (Vgy(2) =, 5705 () = ) + (V. (2) =, prox. (@) — 2.)
+1Vg, (@) + VI @I =7 {{p +%. V15 (@) + (¢, Vay (@) + V1, (@) ]
+{p+v,z— )
< IVE@IP
+ (Vgy (@) = i, BT0%, () — ) + (V. (2) = ¥, prox, g (2) — 2.)
4 21V05(2) + V@I + o+ 97— ) + Llel? + 2o + vl
<~ SIVE@I +3 VL@~ (V£ () — ¥, prox, (o) - 2}
+6 {(Vgy(z) — ¢, 0%, () — 3.) + (V £, (2) — ¥, prox s (x) — z,) }

3 = o 0
+ 571V, (2) + V£,@) 2 + (0 + ¥, —2.) + Sl + Sl + ¥

Since <§g7(x) — ¢, prox. 4 (z) — z4) and (Vf,(z) — ¢, prox, () — v,) are nonnegative. Using
Y = Vf(z.), Vfy(x) = Vf(prox,s(x)) and Assumption H2, there exists by Baillon-Haddad
theorem ¢ > 0 such that ¢||V f,(z) — ||> < (Vfy () — ¢, prox. ;(z) — x.). Then,

(V15 (@) = v, prox, g (x) = 2.) < e[V, (@) = 9l> < —¢/2| VI (@) + cll ]
If v < ¢/2 we finally have
Iy (@) = f (@) + gy (@) = g ()
<~ SATE @I + el
+6{ (Vg (@) = ¢, PO%, () — 2.) + (Vf (2) = ¥, prox, s (x) — z.) |

+ 51V05(2) + V@I + o+ 9,7 — ) + Lol + 2o + vl

12



Using 20, there exists a, C, C’ > 0 such that

znt1 = 2al? < flon — 2]
—ay{fy(@n) + gy (@n) — f(zs) — gy (2:)}
+ Oy {llell® + 19117 + llo + 9112} + C' vl + 9, zn — @)
Taking the conditional expectation, the last inner product vanishes, and we get the result. O
Lemma 3.7. If Eq (17) hold, then the set of measures Z(P) is tight.

Proof. The following inequalities hold F°(z) + G (z) < F(z) + G (z) < FY' (z) + G (z) <
F(z)+G(x) for all 0 <+ < < 7. Moreover H3 <= F° +G"coercive <= F7° + G coercive
(see [?]). Hence, condition (PH) in [13] holds. O

Lemma 3.8. Let Assumptions H7, H6, and H3 hold true. Then, for all ¢ > 0, there exists M > 0
such that
sup  sup 7((Day)¢) <e.
v€(0,70] T€Z(Py)
Proof. We start by writing
d(@n+1) < |zns1 — Hay (@) | < 2o+t — abie, ) (@)l + 1Mape, 00) (@) — L) (@n) |-
On the one hand, we have by Assumption H6 and the nonexpansiveness of the resolvent that
ES [ 2nt1 — Mapie,,)) (@a)ll S ERYIProx g ¢y (@n) = Manienn) @) | + VER VIV fy (@0, Ens) |
< Cy(L+ F(zn) + G (7)),
On the other hand, since

ITer(D (e 11)) (@n) = Meigpy (@)1 < d(zn)® = d(2n, D(En41))*  (see (8)),

we can make use of Assumption H7 to obtain

E& | Ma(pien 1)) (@n) — Tay (@)l < B2 Mape, . 1) (@n) — Hamy (@a)l1*)? < pd(zy),

where p € [0,1). We therefore obtain that E¢Vd(z,41) < pd(z,,) + Cy(1+ F¥(z,) + G (x,)). By
iterating, we end up with the inequality

E*(d(wn11)) < p"d(a) + Oy Y p" (U + BV (FY () + G (x)). (25)
k=0

By taking the expectation and iterating in Th. 3.6,

"~ - 1
@ Y ESE @) + G () £ Slla =+ (n+1)C
k=0

for all n > 0. Thus, by induction, for all & > 0, E*Y(F7(xy) + G7(xx)) < oo. By Markov’s | vérifier ce

inequality, B point. Ont
B ]Ea,’y(d(xk)) a vraimen
P*7(d >My) < ——— 222 besoin de
(dlow) > Mry) < M~ vérifier les
for all k € N. Let 7, € Z(P,). From Th. 3.6, and Lem. 3.7 we have e

E)znsr — 2ul” < [lzn — 2]? — ay(F (n) + G (24)) + 7C. (26)
for all v € (0, vp]. Using [13] it implies

sup sup 7w(F7° 4+ G") < 0.
76(07’)’0} WEI(P’Y)
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In particular, noting that d(z) < ||z[|+[[Iap)(0)]], we obtain that sup. ¢ (g ,) SUPrez(p,) T(d) <
oo. Let v € (0,70] and m € Z(Py). Getting back to (25), we have for all n € N,
*({o: d(@) = Ma}) = P (d(wn 1) > M)

B (d(n))
<=

d &,
< n+1 ( ~ n—k ™Y ( Y0 Yo
S v M};Jp (1+E™(F (23) + G (1))

— ,n+l (d) g - n—k 1 Fo ~Yo
p 7M’y+MkZ:0p (1+m(F° +G™))

S VRS Ve

By making n — oo, we obtain that m((Daz,)°) < C/M, and the proof is concluded by taking M
as large as required. O

Lemma 3.9. Let the assumptions of the statement of Th. 3.1 hold true. Assume that for all
€ > 0, there exists M > 0 such that

sup  sup 7((Duny)¢) <e. (27)
YE(0,70] mEZ(Py)

Then, as v — 0, any cluster point of Z(P) is an element of Z(®).
Proof. See [?] O

3.3 Proof of Th. 2.1

Assume HI-H6. By 3.7, e (0,70] Z(Py) is tight and by Lem. 3.8 and Lem. 3.9 any cluster point
of Z('P) is an element of Z(®) as v — 0. The rest of the proof follows word-for-word from [13].
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